This is the unspecified version of the paper.
Introduction
Many geophysical and industrial processes, such as heat transport in the oceans (Stern 1975 ) and furnace-melt flows in glass manufacture (Krause & Loch 2002) , involve convection driven by horizontal thermal gradients at high Rayleigh number and moderate or high Prandtl number. This work is concerned with a formal asymptotic description of the steady infinite Prandtl number flow generated in a two-dimensional rectangular cavity by differential heating of the upper surface in the limit of large Rayleigh number, R → ∞. The upper surface is shear-free or rigid and subject to a monotonic temperature differential, while the lower surface and sidewalls are rigid and thermally insulated.
Much work has been done to gain insight into the properties of such flows. Rossby (1965) conducted laboratory experiments for high Prandtl numbers up to 10 4 and Rayleigh numbers up to 10 10 and argued that the heat flux and circulation scale as R 1/5 as R → ∞, implying that major variations in the flow and temperature fields take place at depths of order R −1/5 from the upper surface. This was supported by a numerical investigation for shear-free boundary conditions, Prandtl numbers in the range 1-100 and Rayleigh numbers up to 10 8 by Rossby (1998) . More recently, numerical simulations by Chiu-Webster, Hinch & Lister (2008) for an infinite Prandtl number fluid and Rayleigh numbers up to 10 10 have confirmed the R 1/5 scaling for both rigid and shear-free upper surfaces. These authors also identify the main features of the asymptotic structure as R → ∞, including the existence of a descending plume near the cold sidewall and a vertically stratified interior flow below the main horizontal boundary layer. At greater depths, within the core region of the cavity, variations in the temperature are of order R −1 and to a first approximation the temperature is constant. A similarity solution for the plume allows the transition between the stratified interior and the core to be described, and leads to results shown to be in excellent agreement with the numerical simulations.
A related horizontal boundary-layer/core structure involving an inverse decay of the streamfunction with depth arises in the equivalent porous medium problem (Daniels & Punpocha 2005) although there the scalings of the horizontal and vertical boundary layers are compatible and allow the main horizontal structure to match directly with the core region. In the present problem, the vertical boundary layer at depths of order R −1/5 is convectively dominated and a full vertical-layer balance can only be achieved at slightly greater depths, giving rise to the plume and vertically stratified interior flow.
Other theoretical work on the high-Rayleigh-number limit includes that by Killworth & Manins (1980) , who obtained a similarity solution of the horizontal boundary-layer equations for a quadratic temperature profile, and Hughes et al. (2007) , who discussed a model based on a turbulent plume. Siggers, Kerswell & Balmforth (2004) derived a bound for the heat flux in the large Rayleigh number limit and obtained numerical results for shear-free boundary conditions for Rayleigh numbers up to 10 8 and Prandtl numbers up to 4. Numerical results have also been reported by Gramberg, Howell & Ockenden (2007) for an infinite Prandtl number fluid and Rayleigh numbers up to 7 × 10 8 and both they and Chiu-Webster et al. (2008) discuss asymptotic properties of the system for shallow geometries. Laboratory experiments with water at high Rayleigh numbers (up to 10 10 and 10 13 respectively) have been reported by Wang & Huang (2005) and Mullarney, Griffiths & Hughes (2004) . Here the flow with a rigid upper surface is time dependent but the results provide support for the R 1/5 scaling, albeit in the unsteady regime.
Following a formulation of the problem in § 2, § § 3-7 are concerned with the asymptotic structure of the solution as R → ∞ for a shear-free upper surface. Section 3 provides an overview of the proposed structure and considers the main horizontal boundary-layer problem at depths of order R −1/5 where a numerical solution is determined for the case of a linear temperature profile at the upper surface. Sinking motion is confined to the neighbourhood of the cold sidewall, consistent with the kind of behaviour of the oceanic circulation discussed by Stommel (1962) and is considered in § § 4-6. The evolution of a descending plume governed by the vertical boundarylayer equations, together with a vertically stratified interior flow, is identified at depths of order R −2/15 . This is considered in § 7 and leads to an estimate of the leading-order contribution to the constant temperature in the underlying core region which, as R → ∞, is predicted to be of order R −1/15 higher than the minimum temperature of the upper surface. Modifications to the structure for the case of a rigid upper surface are considered in § 8 and the results are discussed and compared with the numerical computations of Chiu-Webster et al. (2008) in § 9.
Formulation
A rectangular two-dimensional cavity 0 6 x * 6 d, 0 6 z * 6 h is filled with an infinite Prandtl number fluid. The upper surface z * = h is held at temperature
where the function S(x * /d) varies monotonically from zero at x * = 0 to 1 at x * = d. The vertical walls x * = 0 and x * = d and the bottom wall z * = 0 are rigid and thermally insulated whilst the upper surface is assumed to be either shear-free or rigid. Subject to the Oberbeck-Boussinesq approximation, steady two-dimensional motion is governed by the non-dimensional vorticity and heat conservation equations
where T is the temperature measured relative to T * 0 and non-dimensionalized by T , ψ is the streamfunction non-dimensionalized by the thermal diffusivity κ,
Cartesian coordinates with the origin at the upper cold corner and the z axis vertically downwards, and R is the Rayleigh number defined by
where β is the coefficient of thermal expansion, g is the acceleration due to gravity and ν is the kinematic viscosity. The non-dimensional velocity components in the x, z directions are given by
respectively. The boundary conditions at the vertical sidewalls are (2.6) and at the lower surface
where A = h/d is the aspect ratio of the cavity. If the upper surface is shear-free then
while if it is a rigid boundary then
Note that it follows from (2.3), (2.6) and (2.7) that the total heat transfer through the upper surface is zero,
but a Nusselt number can be defined by summing the inward and outward contributions, giving
Solutions of the problem (2.2), (2.3), (2.6), (2.7) and either (2.8) or (2.9) depend not only on the Rayleigh number R and aspect ratio A but also on the specific form of the temperature profile S(x). Numerical solutions reported recently by Gramberg et al. (2007) and Chiu-Webster et al. (2008) cover a wide range of values of R and A and linear and quadratic temperature profiles S. These indicate that the temperature differential at the upper surface drives a circulation whose centre moves towards the upper cold corner of the cavity as R increases. This paper is concerned with a description of the asymptotic structure of the solution as R → ∞ for finite values of A and general monotonic temperature profiles S with finite gradient. Detailed calculations are carried out for the linear profile S = x.
Shear-free upper surface
A schematic diagram of the main regions of the proposed asymptotic structure as R → ∞ for a shear-free upper surface is shown in figure 1 . The thermal gradient along the upper surface drives fluid to the cold end of the cavity within a horizontal boundary layer of depth R −1/5 (region I) where the streamfunction is of order R 1/5 . At the hot end of the layer, there is an upward motion which is reduced to rest within a passive wall layer of thickness R −3/10 (region II). Fluid driven to the cold end of the horizontal boundary layer enters a convectively dominated vertical boundary layer of width R −4/15 (region III), where it descends and returns to the horizontal layer, completing the main order R 1/5 circulation within the cavity. The vertical layer problem is considered in § 4, and an analysis of the solution as the centre of circulation is approached reveals an intricate structure in which the streamfunction rises above its value in the horizontal boundary layer, reaching a maximum of order R 11/45 within a vortex region (region IV) studied in § 5. Here the flow consists of closed streamlines and is isothermal by analogy with the Prandtl-Batchelor theorem (Batchelor 1954 (Batchelor , 1956 . Between the vertical boundary layer and the cold sidewall there is a thermal adjustment within an inner vertical layer (region V). This is studied in § 6 and an analytical solution allows the leading-order wall temperature, which increases with depth, to be determined. This solution also reveals a breakdown of the double vertical layer structure at depths of order R −2/15 and the evolution of a descending plume (region VI) together with a vertically stratified interior flow in an outer horizontal layer (region VII). Fluid is detrained from the plume into this outer layer where it rises and returns to the main horizontal boundary layer, completing the circulation of fluid for which the streamfunction is of order R 2/15 . The upflow generated at the hot end of the outer horizontal layer is reduced to rest within a passive wall layer (region VIII) of thickness R −4/15 . The temperature variation in regions VI, VII and VIII is of order R −1/15 , and as the underlying core region is approached it saturates at a constant value which is determined approximately in § 7. The core region (region IX) contains the weakest part of the circulation, with temperature variations of order R −1 and order one values of the streamfunction governed by the full equations of motion. 3.1. Horizontal boundary layer In the main horizontal boundary layer (region I), a balance between friction and buoyancy in the vorticity equation and conduction and convection in the heat equation requires that
where z = R −1/5 Z. Substitution into (2.2) and (2.3) shows that Ψ and Θ satisfy the equations
These must be solved subject to
(3.6) Here (3.3) are the conditions on the shear-free upper surface. The conditions (3.4) at the hot end ensure a consistent match with the wall layer (region II in figure 1) where the vertical component of velocity is reduced to zero. Here the flow takes place within the stably stratified thermal field generated at the end of the horizontal boundary layer. A balance between friction and buoyancy in the vorticity equation and conduction and convection in the heat equation requires that
where x = 1 − R −3/10x andΨ ,Θ satisfy the equations
with λ = −dΘ(1, Z)/dZ > 0 to be determined by the horizontal boundary-layer solution. The wall conditions arẽ 9) and matching with the horizontal boundary layer requires
The required solution is
At the cold end of the horizontal boundary layer, fluid enters the vertical boundary layer (region III in figure 1), where it descends and returns to the horizontal layer. Condition (3.5) expresses the fact that the vertical layer is convectively dominated (see § 4), with the functional relation F between Θ and Ψ to be determined by the solution in the horizontal layer. The final condition (3.6) specifies that the horizontal layer encompasses the main return flow across the cavity, so that the order R 1/5 circulation is completed within these horizontal and vertical layers.
It can be expected from (3.2) and (3.3) that in region I at x = 0,
It follows from the vorticity equation in (3.2) that Θ must become independent of x as Z → ∞. The heat equation then requires that ∂Ψ/∂x becomes independent of x and, together with (3.13), that both Ψ and Θ are inversely proportional to Z as Z → ∞. Making use of (3.4) leads to the asymptotic forms
as Z → ∞ for 0 6 x 6 1. Here the logarithmic terms are generated if L is nonzero because the correction terms generated by L in (3.13) would otherwise resonate with the existence of an arbitrary origin shift in Z which arises in the order Z −2 corrections in (3.14). Equivalently, this shift D can be combined directly with Z to give the asymptotic form 15) correct to order (Z + D) −2 . One of the main implications of (3.13) and (3.14) is that the temperature does not contain a finite non-zero contribution as Z → ∞.
The horizontal boundary-layer problem was solved numerically using an explicit finite-difference scheme. Artificial time derivatives ∂Ψ/∂t and ∂Θ/∂t are inserted on the right-hand sides of the vorticity and heat conservation equations (3.2), allowing the solution to be computed forwards in time until a steady state is achieved. The equations are discretized at all internal grid points using forward differences with step length t for the time derivatives and central differences with step lengths Δx and Z for the spatial derivatives. Along the upper surface the boundary conditions (3.3) supply the values of Θ and Ψ , and the condition on ∂ 2 Ψ/∂Z 2 allows the external values of Ψ needed in the five-point discretization of ∂ 4 Ψ/∂Z 4 to be expressed in terms of internal values. At the hot end, the values of Ψ and Θ are determined from (3.4) using a quadratic interpolation based on two internal grid points in the case of Θ. At the cold end, values of Ψ on x = 0 are provided by a simple linear extrapolation based on two internal grid points. The same is done for Θ in Z < Z M , where Z M is the grid point at which the value of Ψ is greatest on x = 0. For Z > Z M , the condition (3.5) is applied by specifying Θ as the value corresponding to that at the same value of Ψ in Z < Z M . This is achieved by using a quadratic fit based on three neighbouring grid points on x = 0 surrounding the relevant value of Ψ in Z < Z M . At the outer edge of the layer, taken numerically at Z = Z ∞ , the final condition (3.6) is applied by specifying Ψ from formula (3.15) with values of K and L obtained by fitting formula (3.13) at the grid points Z = Z and 2 Z on x = 0. Formula (3.15) is used to specify Ψ on Z = Z ∞ and Z = Z ∞ + Z for 0 6 x 6 1, and Θ is specified at the same locations by its value at x = 0. In (3.15), the value of the origin shift D is updated by calculating it from the value of Ψ at x = 0, Z = Z ∞ − Z.
The scheme was started at t = 0 from an initial state
with K in the range of 0.3-0.7. Other initial states were also tested to ensure that the solution converged to the same steady state. Detailed calculations were carried out for the linear temperature profile S(x) = x (3.17) for a range of different step sizes x, Z and outer boundaries Z ∞ . For x = 0.05 and Z = 0.2, numerical stability was found to be maintained with a time step of t = 0.0001 or less, and convergence to a steady state was achieved typically to six significant figures in D at t ∞ = 600, although values of K, L and the temperature and streamfunction fields converged to the same level of accuracy significantly faster, at around t ∞ = 400. The most accurate computations with x = 0.025, Z = 0.2, Z ∞ = 20 and t = 0.00004 gave a steady-state solution with and maximum values of Ψ and Θ on x = 0 given by
In the above results, the value of D is the most difficult to obtain accurately, being associated with the third term in the asymptotic form of Ψ at large Z. Figure 2 shows the streamlines and isotherms of the horizontal boundary-layer flow, and the profiles of Ψ and Θ at x = 0 are shown in figure 3 along with the functional relation Θ = F (Ψ ). In the neighbourhood of Z 0 with the values of Ψ 1 and Θ 1 estimated to be (3.21) and it follows that the gradient of F reaches zero at Ψ = Ψ 0 . The plateau form of the temperature associated with (3.20) and evident in figure 3 results from the fact that since the maxima of Ψ (0, Z) and Θ(0, Z) must coincide at Z = Z 0 , the convective terms in the heat conservation equation (3.2) vanish there, and to avoid a local singularity ∂ 2 Θ/∂Z 2 must also vanish there. Thus, Θ cannot be locally quadratic in Z − Z 0 , and instead has a quartic form. From (3.2), the dominant terms in the Taylor expansion of Θ(x, Z) about x = 0, Z = Z 0 are expected to be
3 /6 and x ∼ 6Θ 1 (Ψ 1 δ) −1 (Z − Z 0 ) with the vertices of the isotherms (see figure 2b ) located at x ∼ 2Ψ 1 (Z 0 − Z) 3 /3. Formula (3.22) is consistent with the upward slope of the isotherms from x = 0 either side of Z = Z 0 in figure 2(b).
It should be added that for the linear temperature profile (3.17), the condition (3.4) implies a weak singularity of the horizontal boundary-layer solution at x = 1, Z = 0. The change in horizontal thermal gradient at the corner leads to a region where
, and it is anticipated that use of a uniform numerical grid in x and Z results in only minor loss of accuracy away from the corner.
The horizontal boundary-layer solution determines the leading-order contribution to the Nusselt number Nu ∼ R 1/5 Nu 0 as R → ∞, where
The numerical results gave Nu 0 = 0.27.
Vertical boundary layer
The vertical layer that conveys fluid from and then back to the horizontal layer at the cold end (region III in figure 1 ) is convectively dominated, with the functional relation between streamfunction and temperature determined by the horizontal layer. Thus,
with boundary conditionsΨ
(4.4) Here the magnitudes of ψ and T in (4.1) are set by matching with the horizontal boundary layer and the scaling of x is determined by the need for friction to balance buoyancy in (4.2). This has the consequence that the conduction terms in the heat equation are smaller than the convection terms by a factor of R −2/15 . The horizontal boundary-layer profiles ψ ∼ R 1/5 Ψ (0, Z) and T ∼ Θ(0, Z) cannot change on a longer scale x ∼ R −1/5 comparable with the boundary-layer depth because the governing equations (2.2) and (2.3) are then dominated by buoyancy and convection, implying that to a first approximation T and ψ are independent of the horizontal coordinate.
Since F (Ψ ∞ ) > 0 for 0 6Ψ ∞ < Ψ 0 (see figure 3 ), (4.2) admits two solutionsΨ that decay asX → ∞, allowing the two wall conditions (4.3) to be satisfied. Although the conditions (4.3) imply that ∂Θ/∂X = 0 atX = 0, there is a further adjustment to the temperature within an inner vertical layer to be considered in § 6.
The vertical coordinate Z enters the system (4.2)-(4.4) only indirectly throughΨ ∞ . For each value ofΨ ∞ such that 0 <Ψ ∞ < Ψ 0 , the solution is applicable at two values of Z, one each side of Z 0 .
The solution of the vertical boundary-layer problem (4.2)-(4.4) can be found analytically for small and large values of Z because F (Ψ ) ∼ KΨ asΨ → 0, and so (4.2) becomes linear. The required solution asΨ ∞ → 0 is
where, from (3.12) and (3.14),
Although modifications to the vertical boundary-layer solution might be anticipated at depths of order R −4/15 near the upper surface where the full form of the vorticity equation (2.2) comes into play, the z derivatives in the biharmonic operator do not affect the leading contribution to (4.5) as Z → 0, which therefore remains a uniformly valid first approximation to the solution near the upper surface.
For general values of Z, rather than using the numerically generated function F in (4.2), which would lead to a substantial numerical task, it is useful to approximate F by an analytical formula. A suitable approximation (see figure 3) is
Since solutionsΨ of (4.2) approachΨ ∞ with oscillatory decay, it is anticipated that at certain locations within the vertical boundary layerΨ will exceed Ψ 0 . In that case, the vertical layer, together with the vortex region to be discussed in § 5, is a convectively dominated region containing closed streamlines bounded byΨ = Ψ 0 . By reference to the thermal equivalent of the Prandtl-Batchelor theorem (see Gramberg et al. 2007) , it is therefore assumed that
The vertical boundary-layer problem (4.2)-(4.7) is now simplified through the scalingsΨ
to give the system 12) to be solved for 0 < φ ∞ < 1. Solutions were found using a fourth-order Runge-Kutta scheme. For values of φ ∞ from 0 to 0.85, this was done by computing inwards from the asymptotic form
where ω ∞ = 2 1/3 (1 − φ ∞ ) 1/3 , starting from an outer boundary X = X ∞ . Values of the constants A and B were adjusted by Newton iteration to achieve convergence of the solution to the boundary conditions (4.11) at a given value of φ ∞ and then these values were used as initial guesses for the next value of φ ∞ . The whole solution was started from small values of φ ∞ , where (4.13) is equivalent to (4.5) and is valid for the whole range 0 6 X < ∞ with A = √ 3B = −φ ∞ and ω ∞ = 2 1/3 to a first approximation. Profiles of φ for various values of φ ∞ up to 0.85 obtained with a step in X of 0.01 and an outer boundary X ∞ = 10 are shown in figure 4(a). Tests were made with other step sizes and outer boundaries to check the accuracy of the results. For φ ∞ > 0.77 the value of φ exceeds 1 in part of the domain and thus (4.10) comes into play. For φ ∞ greater than 0.85, the growth in φ was such that the method of inward computation from (4.13) no longer worked effectively and an alternative approach had to be adopted. Results for 0.85 6 φ ∞ < 1 were obtained instead by computing outwards from the conditions (4.11), choosing the value of α = ∂ 2 φ/∂X 2 (X = 0) to ensure that φ → φ ∞ as X → ∞. In practice, if α is too large the solution continues to increase, with (4.10) applicable at large X, or if α is too small the solution decreases into a singularity. By gradually increasing the outer limit of the computation, the required solution can be found. Figure 4(b) shows the profiles of φ obtained in this way for φ ∞ = 0.85, 0.9 and 0.95.
As φ ∞ approaches 1, an ever larger region in X emerges in which φ exceeds 1, and the maximum value of φ over the domain 0 6 X < ∞ increases without bound. Figure 5 (a) shows φ max , the maximum value of φ over the domain 0 6 X < ∞, as a function of φ ∞ , and also the corresponding variation of α, which remains finite as φ ∞ → 1. Figure 5(b) shows the position, X max , at which φ = φ max as a function of φ ∞ , along with the boundary of the region in which φ > 1. The outer section of this boundary increases without bound as φ ∞ → 1, while the inner section approaches a finite value of X. This region in which the temperature is constant and equal to Θ 0 is the outer part of a vortex centred on Z 0 , which is considered in detail in § 5. In order to ascertain the structure of the vortex, it is helpful to investigate the limiting form of the vertical boundary-layer solution as Z → Z 0 (that is, as φ ∞ → 1) in more detail, as follows.
4.1. Asymptotic structure of the vertical boundary layer as Z → Z 0 This can be analysed by introducing a small parameter = 1 − φ ∞ and considering the limiting form of the system (4.9)-(4.12) as → 0. Replacing φ ∞ in terms of , the system has the form
14) The value of α 0 is the limiting value of ∂ 2 φ/∂X 2 (X = 0) as φ ∞ → 1 in figure 5(a) and the value of X 0 is the inner limiting boundary value of X as φ ∞ → 1 in figure 5(b) .
The vertical flow β 0 at X = X 0 generates the main vortex in an outer region where X − X 0 = O( −1 ), and it emerges that the asymptotic structure of the solution has a remarkable form consisting of a series of inner and outer regions as → 0, with the inner regions governed by (4.14) and the outer regions governed by (4.15). In order to treat each of these regions concurrently, it is convenient to consider an outer region generated by a vertical flow 20) so that the main vortex corresponds to the case where the index m = 0. The outer solution is given by In the limit as the number of regions tends to infinity, the value of m tends to 4/3. At this point the scalings of φ − 1 in (4.21) and (4.24) both become equal to , the inner and outer scalings in X both become equal to −1/3 and the right-hand side of (4.14) comes into balance, allowing the solution for φ − 1 to finally approach − as X → ∞.
The above structure is consistent with the profile for = 0.05 obtained numerically in figure 4(b) , although the second inner and outer regions have not fully developed at this point. The results for the main vortex (m = 0) predict that as → 0,
and this maximum occurs at
The outer boundary of the main vortex is predicted to occur at
The asymptotes (4.31)-(4.33) are shown in figure 5 . The results of this section show that there is a solution in the vertical boundary layer that matches with that in the horizontal boundary layer although both the vertical boundary-layer width and the maximum value of the streamfunction across the layer increase without bound as φ ∞ → 1, that is as Z → Z 0 . From (3.20), (4.4) and (4.8), = 1−φ ∞ ∼ Ψ 1 (Z −Z 0 ) 2 /Ψ 0 as Z → Z 0 ± so that the results (4.31)-(4.33) demonstrate that the vertical boundary layer and vortex width expand, with X ∼ (Z − Z 0 ) −2 as Z → Z 0 ±, and the streamfunction increases in value, with φ ∼ (Z−Z 0 ) −2 as Z → Z 0 ±, becoming much larger than the streamfunction φ ∼ 1 within the horizontal boundary layer. Also, the oscillations of the streamfunction outside the main vortex diminish in amplitude. As Z approaches Z 0 , the scale of variation in z becomes comparable with that in x across the main vortex, and the z derivatives can no longer be neglected in comparison with the x derivatives in the vertical boundary-layer equation (4.2). This leads to the main vortex region considered below.
Vortex
The scalings implied by the breakdown of the vertical boundary layer as Z → Z 0 lead to a vortex region (region IV in figure 1) in which 0 X 0 + R −2/9ξ and z = R −1/5 Z 0 + R −2/9ζ and X 0 and Z 0 are given by (4.19) and (3.19). This region is wider than the vertical boundary layer by a factor of R 2/45 and shallower by a factor of R −1/45 , suggesting that extremely large values of R will be needed to resolve this structure in a numerical solution of the full system. Substitution of (5.1) into the governing equations (2.2) and (2.3) shows thatθ Between the vortex and the wall, the inner section of the vertical boundary layer 0 < X < X 0 must continue unchanged, being generated by the temperature/ streamfunction relation for φ < 1, and with ∂ 2 φ/∂X 2 zero at X = X 0 . Matching between the vertical boundary layer and the vortex therefore requires that
where β 0 is given by (4.19). This vertical velocity generates the anticlockwise rotation of the vortex. Finally, it is expected that φ = ∂φ ∂ξ = 0 atξ =s(ζ ), (5.6) wheres(ζ ) is the unknown outer boundary of the vortex for −∞ <ζ < ∞. From the discussion of the vertical boundary-layer structure as → 0 in the previous section, it is expected that the flow in the regions <ξ < ∞ outside the vortex is extremely complex and it is not attempted to analyse that here. The vortex problem (5.4)-(5.6) can be simplified by scaling out the constantsβ 0 and Θ 1 using the transformations (ξ,ζ ) =β
This gives the system
This is a nonlinear problem for Φ and s and a complete solution would require a numerical approach. This is not attempted here, but progress can be made analytically by using an approximation based on a power-series expansion in ξ . From (5.9), the streamfunction can be expressed in the form A numerical solution of (5.14) and (5.15) was obtained using a fourth-order RungeKutta scheme. The solution was computed outwards from the conditions v =Ā, v = 0, v =B, v = 0 at ζ = 0 and the values ofĀ andB found by Newton iteration based on satisfaction of the boundary conditions v = 2/ √ 6, v = 0 at ζ = ζ ∞ . In order to achieve convergence, it was necessary to start the scheme with a low value of ζ ∞ (= 1/2) and initial valuesĀ = 6 −1/6 ,B = 2/ √ 6 were used corresponding to an approximate solution v = 6 −1/6 + ζ 2 / √ 6 based on a small ζ expansion. Convergence was achieved,Ā andB were updated, and then ζ ∞ was increased in steps of 0.1 to obtain an accurate solution for v, which is shown in figure 6 
Inner vertical layer
Thermal conduction is too small to influence the leading-order solution in the main vertical layer and vortex, but becomes significant in an inner vertical layer adjacent to the cold sidewall (region V in figure 1 ). In this region the flow field is that supplied by the main vertical boundary-layer solution asX → 0 and to a first approximation buoyancy can be neglected in the vorticity equation. Matching with the main vertical boundary layer and balancing conduction with convection then requires The temperature in this wall layer is larger as R → ∞ than that given by the surface profile (3.17) and soΘ = 0 at Z = 0. (6.6) The solution of (6.3)-(6.6) can be found by transforming the independent variables from (X, Z) to (Ψ ,Ẑ), whereẐ is defined bŷ
This gives the system (6.11) where
A numerical solution was obtained by computing outwards from a finite value of H atη = 0 and is shown in figure 7 . It has the property that H (0) = H 0 = 1.797 so that the scaled wall temperature is determined asΘ = KẐ 2/3 H 0 . It is known from the main vertical layer solution (4.5) thatâ(Z) has the form
Thus, the width of the inner vertical layer remains finite as Z → 0. In fact, although modifications to this inner vertical layer solution might be expected within a corner region where the full heat equation (2.3) comes into play, the second-order z derivative in the Laplacian of the temperature field does not affect the leading-order contribution to (6.11) as Z → 0 which therefore remains a uniformly valid first approximation to the solution at depths of order R −14/45 from the upper surface. As Z → ∞, the temperature in the inner vertical layer rises (Θ ∼ Z 1/3 ) and the layer spreads, withX ∼ Z 2/3 . From (4.5) the outer vertical layer thickness remains finite as Z → ∞, and it follows that the two vertical layers merge at a depth z of order R −2/15 . This leads to a new horizontal structure across the cavity which is considered in the next section.
Plume and outer horizontal layer
The two vertical layers merge in the plume (region VI in figure 1 ) where
2) Substitution in (2.2) and (2.3) shows that the flow is governed by the full vertical boundary-layer equations ψ →ψ ∞ (Z),T →T ∞ (Z) asX → ∞ (7.6) and, from matching with the outer and inner vertical layers, respectively,
asZ → 0, where f is given by (4.5). The final requirement comes from matching with a stratified flow in the outer horizontal layer (region VII in figure 1 ) where
Here vertical conduction and convection are in balance, buoyancy dominates in the vorticity equation and detrainment from the plume generates motion up and across the cavity into the main horizontal boundary layer. Note that the inner form ofT in (7.8) precludes the possibility of a non-zero constant contribution toT across the layer asZ → 0. Note also that inclusion of K in the scalings (7.1) and (7.2) allows it to be removed from the plume problem (7.3)-(7.8) and (7.10), which must be solved to determine the vertical flow and temperature fieldsψ ∞ (Z) andT ∞ (Z) in the outer horizontal layer. A full solution would require a numerical approach and, given the singular form (7.7) and (7.8) asZ → 0 and the existence of flow reversals in the velocity profile, is a non-trivial problem. It is known from matching with the main horizontal layer thatψ
and, asZ → ∞, the asymptotic solution described by Chiu-Webster et al. (2008) should emerge, with and (Z +Z c ) −7 , respectively, and expands such thatX ∼ (Z +Z c ) 2 asZ → ∞. The vertical displacementZ c and the core temperature coefficientT c are not determined by the asymptotic analysis for largeZ and instead must be determined from the overall solution of the plume problem. An estimate of their values can be obtained by patching the two asymptotic forms (7.11) and (7.12) at an intermediate value ofZ. Taking this to beZ 0 and requiring continuity ofψ ∞ ,T ∞ andT ∞ gives
It follows thatZ 0 =Z c /3,Z c = 3(14c) 1/6 /8 = 2.522 and the core temperature coefficient is determined asT c = 48(14c) −1/6 /7 = 1.020. Thus, it is predicted that the temperature in the core region is T ∼ 1.020K 7/6 R −1/15 as R → ∞. (7.14)
A local adjustment of the outer horizontal layer solution (7.9) also occurs near the hot sidewall (region VIII in figure 1 ) to adjust the vertical velocity to zero. This is similar in form to the corresponding end region for the main horizontal layer (region II) and the local solution is given by
where x = 1 − R −4/15x and
SinceT ∞ is of order (Z +Z c ) −8 asZ → ∞ this hot wall layer expands such thatx ∼ (Z +Z c ) 2 , the same order of magnitude as the expansion of the plume on the other side of the cavity. For both layers the overall scale in x is of order R −4/15Z2 so that whenZ ∼ R 2/15 , equivalent to z ∼ 1, the boundary-layer widths are comparable with the cavity width x ∼ 1. Thus, the boundary layers and the stratified interior merge within the main core region of the cavity (region IX in figure 1 ), where (7.17) and ψ c and T c satisfy the full equations (2.2) and (2.3) with R scaled out. Thus, the core region contains a weakly recirculating flow, with temperature variations limited to order R −1 . The terms in the parentheses in (7.17) indicate constant contributions to the temperature field, the leading contribution being that determined in (7.14).
Rigid upper surface
If the shear-free upper surface is replaced by a rigid upper surface, a similar asymptotic structure occurs but the length scales in the Rayleigh number associated with the outer horizontal structure are slightly different, as shown in figure 8 . This leads to a core temperature of order R −2/65 rather than R −1/15 . In this section, the main features of the structure for the rigid case are described.
The main horizontal layer is governed by (3.1)-(3.6) except that (3.3) is replaced by
This has the consequence that the small-Z expansions of Ψ and Θ at x = 0 in (3.12) are replaced by
and so (3.13) is replaced by
2 2 , and so on. It follows that as Z → ∞,
for 0 6 x 6 1 in place of (3.14). The horizontal boundary-layer problem was solved numerically using the form of Ψ in (8.4) as an outer boundary condition but with Z replaced by Z + D to include the possibility of an origin shift, and the values of K, L and M obtained by fitting (8.3) at the grid points Z = ΔZ, 2ΔZ, 3ΔZ on x = 0. An initial state
was used at t = 0, with K in the range 0.2 to 0.5. In other respects, the calculations were similar to those for the shear-free case and the most accurate results with Vortex Vertical boundary layer ψ ~ R 1/5 ,T ~ 1 be replaced by Since nowΘ = F (Ψ ) ∼ KΨ 1/2 asΨ → 0 the temperature in the inner vertical layer (region V in figure 8 ) is larger than that in the shear-free case, with 12) in place of (6.1). WithΨ =âX 2 , the problem forΘ is again defined by (6.3)-(6.6) except that (6.5) is replaced byΘ ∼ Kâ 1/2X ,X → ∞ (8.13) and the relevant similarity solution is noŵ 14) whereẐ is given by (6.7), (8.15) and Γ is the gamma function (Abramowitz & Stegun 1965, p. 253) . This determines the scaled wall temperature asΘ = KẐ 1/3 H 0 where H 0 = H (0) = (9/2) 1/3 /Γ (2/3) = 1.219. The function H is shown in figure 11 .
From the behaviour of the solution in the outer vertical layer asΨ → 0, it follows thatâ
Here c ∞ = (3/2) 2/3 c 0 can be found from a solution of the outer problem for smallΨ , which has the formΨ
where f is a function that can be determined numerically and gives 2c 0 = f (0) = 0.849. The inner vertical layer expands as Z → 0 (withX ∼ Z −1/9 ) and as Z → ∞ the temperature rises (Θ ∼ Z 2/9 ) and the layer again expands (X ∼ Z 5/9 ). In contrast, it follows from (8.17) that the outer vertical layer contracts as Z → ∞, withX ∼ Z −1/6 . The two vertical layers merge in the plume (region VI in figure 8) , where (7.1) and (7.2) are replaced by (8.18) where boundary-layer equations governing the plume flow. An approximate solution of this problem is used to provide an estimate of the core temperature, which is of order R −1/15 in the shear-free case and order R −2/65 in the rigid case. There appears to be no possibility that the core temperature is non-zero and finite as R → ∞, because the cold end of the horizontal boundary layer is convectively dominated and in order that the circulation can be completed it follows that the temperature at the cold end of the upper surface is convected, via the vertical boundary layer, to the lower edge of the horizontal boundary layer. In that sense, the details of the vortex structure considered in § 5 are unimportant in terms of determining the core temperature in the cavity. The core temperature does depend, however, on the details of the horizontal boundarylayer flow through the parameter K associated with the velocity and temperature profiles near the cold end at the upper surface. Temperature profiles at the upper surface that generate higher values of K lead to higher core temperatures.
The main features of the asymptotic results can be compared with the results of Chiu-Webster et al. (2008) . They carried out numerical computations of the full cavity flow for both shear-free and rigid upper surfaces with the linear temperature profile (3.17) for Rayleigh numbers up to R = 10 10 . The streamlines and isotherms of the horizontal boundary-layer flow in figures 2 and 9 have the same features as those reported in the full numerical computations, including the characteristic region of horizontal flow reversal below the main two-way circulation near the top of the cavity. According to the present theory, the vortex centre is positioned at the cold end of the horizontal boundary layer at non-dimensional depth The results (9.6) and (9.7) are compared with the numerical results of Chiu-Webster et al. (2008) for a square cavity in figure 13(b) . Remarkably, the asymptotic forms provide quite reasonable approximations over a large range of Rayleigh numbers. A slight divergence of the numerical and asymptotic results with increasing R is consistent with the existence of corrections to (9.6) and (9.7) that grow as R → ∞, or with a reduction of less than 10 % in the value of Φ 0 in (5.16) predicted by the approximate vortex solution of § 5. The Nusselt number predicted by the asymptotic theory is Further work is needed to obtain accurate numerical solutions of the plume problem studied in § 7 and the vortex problem studied in § 5. Unfortunately, the scalings in the Rayleigh number, especially in the upper cold corner, where regions of relative scale R −1/45 are involved, means that the present asymptotic structure may not emerge in practice until the Rayleigh number is extremely large. An estimate of the validity of the horizontal structure can be made by comparing the depths of the two horizontal layers. For the main layer, the results of figures 2 and 9 suggest a typical scale Z = 10, giving z ∼ 10R −1/5 . For the outer layer, the valuesZ 0 = 0.841 and 0.717 obtained in the shear-free and rigid cases suggest a typical scaleZ = 1, corresponding to z ∼ R −2/15 in the shear-free case and z ∼ R −9/65 in the rigid case. This suggests that the outer layer depth is large compared with the main layer depth provided that R 10 15 in the shear-free case and R 10 16.25 in the rigid case, values well beyond those of currently available numerical simulations. Despite this limitation, the asymptotic theory provides insight into the flow that adds to that gained from numerical simulations and with further investigation should help in understanding how the flow is modified at finite Prandtl numbers and in shallow geometries of relevance to ocean circulations and furnace-melt flows. For shallow geometries it seems likely that as R → ∞ distinguished limits will arise when the depth of the cavity is comparable with that of either the outer horizontal layer or the main horizontal layer but further work is needed to confirm this and to investigate the details of the solution in each case.
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